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Abstract 

We study coactions of concrete Hopf C*-bimodules in the framework of (weak) C*- 
pseudo-Kac systems, define reduced crossed products and dual coactions, and prove an 
analogue of Baaj-Skandalis duality. 

1 Introduction 

In a seminal article 1 , Baaj and Skandalis developed a duality theory for coactions of Hopf 
C*-algebras on C*-algebras that extends the Takesaki-Takai duality of actions of locally 
compact abelian groups to all locally compact groups and, more generally, to all regular 
locally compact quantum groups. More precisely, Baaj and Skandalis introduce the notion of 
a Kac system which consists of a regular multiplicative unitary and an additional symmetry, 
consider coactions of the two Hopf C*-algebras (the "legs") of the multiplicative unitary, 
define for every coaction of each leg a reduced crossed product that carries a coaction of the 
other leg, and show that two applications of this construction yield a stabilization of the 
original coaction. 

In this article, we extend the duality theory of Baaj and Skandalis to coactions of con- 
crete Hopf C*-bimodules, applying the methods and concepts introduced in [10] to the 
constructions in pQ. In particular, our theory covers coactions of the Hopf C*-bimodules 
associated to a locally compact groupoid. An article on examples is in preparation. 

Let us mention that a similar duality theory like the one presented here was developed 
in the PhD thesis of the author [9]. Our new approach allows us to drop a rather restrictive 
condition (decomposability) needed in [5], and to work in the framework of C*-algebras 
instead of the somewhat exotic C*-families. Moreover, the approach presented here greatly 
simplifies the complex assumptions needed [9]. 

This work was supported by the SFB 478 "Geometrische Strukturen in der Mathematik" 
which is funded by the Deutsche Forschungsgemeinschaft (DFG). 

Organization This article is organized as follows: 

First, we fix notation and terminology, and summarize some background on (Hilbert) 
C* -modules. 

In Section 2, we recall the definition of C*-pseudo-multiplicative unitaries and concrete 
Hopf C*-bimodules given in [10] . 

In Section 3, we introduce weak C*-pseudo-Kac systems which provide the framework 
for the construction of reduced crossed products. 
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In Section 4, we consider coactions of concrete Hopf C*-bimodules and construct reduced 
crossed products and duals for such coactions. 

In Section 5, we introduce C*-pseudo-Kac systems and establish an analogue of Baaj- 
Skandalis duality for coactions of concrete Hopf C*-bimodules. 

In Section 6, we associate to each locally compact groupoid a C*-pseudo-Kac system. 

Preliminaries Given a subset Y of a normed space X, we denote by [Y] c X the closed 
linear span of Y. 

Given a Hilbert space H and a subset X c C(H), we denote by X' the commutant 
of X. Given Hilbert spaces H, K, a C*-subalgebra A c £(H), and a *-homomorphism 
7r: A — » C(K), we put 

£*(H,K) := {T e C{H,K) \ Ta = Tx{a)T for all a e A}; 

thus, for example, A' = £ idA (H). 

We shall make extensive use of (right) C*-modules, also known as Hilbert C*-modules 
or Hilbert modules. A standard reference is [4]. 

All sesquilinear maps like inner products of Hilbert spaces or C*-modules are assumed 
to be conjugate-linear in the first component and linear in the second one. 

Let A and B be C*-algebras. Given C*-modules E and F over B, we denote the space 
of all adjointable operators E — » F by Cb{E, F). 

Let E and F be C*-modules over A and B, respectively, and let n: A — » Cb{F) be 
a *-homomorphism. Then one can form the internal tensor product E ®„- F, which is a 
C*-module over B [4] Chapter 4]. This C*-module is the closed linear span of elements 
f) ®a £, where rj e E and £ e F are arbitrary, and (77 (g) n ® w £') = an d 
(77 ®tt f )6 = »7 <8>ir f° r au e £"i C) C e Fj an d b e B. We denote the internal tensor 
product by "©"; thus, for example, E Q„ F = E F. If the representation 7r or both 7r 
and ^4 are understood, we write "©a" or "©", respectively, instead of "©,/'. 

Given E, F and n as above, we define a flipped internal tensor product F^QE as follows. 
We equip the algebraic tensor product F Q E with the structure maps © 77 1£' © 77') : = 
(£|7r((?7|?/))£'), (£ © 77)6 := ^6 © 77, and by factoring out the null-space of the semi-norm 
C l— * IKCIOII an d taking completion, we obtain a C*-B-module F^QE. This is the closed 
linear span of elements £^©77, where 77 e E and £ 6 F are arbitrary, and (£ n ©T]\£' ir©?)'') = 
<C|7T«?7|?7'»C'> and (^©77)6 = ^©77 for all 77,77' e E, e F, and b e B. As above, we 
write "a©" or simply "©" instead of 'V©" if the representation tt or both 7r and A are 
understood, respectively. 

Evidently, the usual and the flipped internal tensor product are related by a unitary map 
T,: F©E ^ E©F, 77 @ £ i-> £ © 77. 

We shall frequently consider the following kind of C*-modules. Let H and K be Hilbert 
spaces. We call a subset V c K) a concrete C* -module if [rr*T] = T. If T is a concrete 
C*-module, then evidently F* is a concrete C*-module as well, the space B := [TT] is a 
C* -algebra, and T is a full right C* -module over B with respect to the inner product given 
by<CIO = C*C'forallC,C'er. 

2 C*-pseudo-multiplicative unitaries and concrete 
Hopf C*-bimodules 

We recall several constructions and definitions from |10] which are fundamental to the duality 
theory developed in the following sections. 
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C*-bases and C*-factorizations C*-bases and C*-factorizations are simple but con- 
venient concepts used in the definition of the C*-relative tensor product; for details, see [101 
Section 2.1]. 

A C* -base is a triple (23, fl, 23^), shortly written sgfltgti consisting of a Hilbert space 
9) and two commuting nondegenerate C*-algebras 23,23^ c £(fl). We shall mainly be 
interested in the following example of C*-bases: If fj, is a proper KMS-weight on a C*- 
algebra B, then the triple (7r M (B), H p , J M 7r M (_B) J m ) is a C*-base, where denotes the 
GNS-space, 7r M : B — » £(ii M ) the GNS-representation, and J M : H p — > the modular 
conjugation associated to p,. 

A C* -factorization of a Hilbert space H with respect to a C*-base <8fl<gt is a closed 
subspace a c C($j,H) satisfying [a*a] = 23, [a23] = a, and [aS)] = H. We denote 
the set of all C*-factorizations of a Hilbert space H with respect to a C*-base ®fl;gt by 
C*-fect(fT; ».8 B t). 

Let a be a C*-factorization of a Hilbert space H with respect to a C*-base afligf Then 
a is a concrete C*-module and a full right C*-module over 23 with respect to the inner 
product := We shall frequently identify a © Sj with H via the unitary 

aofl^/f, e@c^cc- (1) 

There exists a nondegenerate and faithful representation p a : 23^ — > £(a © fl) = C(H) such 
that for all 6 f e 23 f , £ 6 a, C e S), 

p Q (6 t )(C © = £ © 6 f C or, equivalently, pdb^C = £& f C 
Let if be a Hilbert space. Then each unitary U : // — » A" induces a map 
£/* : C*-fact(ii"; sflcgt) — » C*-fact(7\; <8fl<8t), a >-* Ua, 
and P(ua)(b r ) = Up a (b^)U* for all a e C*-fact(i/; afl^t) and 6 f e 23 f because 

PCPaj^J^C = = Up a (tf)K for all £ e a, < e fl. (2) 

Let /3 be a C*-factorization of if with respect to as-ftcgt- We put 

C(H a ,K ) ■= {T e C(H,K)\Ta £ A T*/3 c «}. 

Evidently, £{H a ,K )* = £{K , H a ). Let T e £{H a , Kg). Then the map T a : a -> /3 given 
by £ !-» r £ is an adjointable operator of C*-modules, (T a )* = (T*)p, and Tp a (tf) = pg{b^)T 
for all b+ e 23 + . 

Let a be a C*-factorization of a Hilbert space H with respect to a C*-base sfl^t an d 
let c^ct be another C*-base. We call a C*-factorization f3 e C*-fact(//; <rR e t) compatible 
with a, written a J_ /3, if [p a (23')/3] = /3 and [^(C'Ja] = a. In that case, p a (23+) and 
P/3(« f ) commute. We put C*-fact(# Q ; c i? £t ) := {/3 e C*-fact(#; c i? et ) | a ± /3}. 

The C*-relative tensor product The C*-relative tensor product of Hilbert spaces 
is a symmetrized version of the internal tensor product of C*-modules and a C*-algebraic 
analogue of the relative tensor product of Hilbert spaces over a von Neumann algebra. We 
briefly summarize the definition and the main properties; for details, see [101 Section 2.2]. 

Let H and K be Hilbert spaces, sAsgt a C*-base, and a e C*-fact(H; ^flost) an d 
P E C*-fact(if ; .gt-fias)- The C* -relative tensor product of H and K with respect to a and 
j3 is the internal tensor product 

H a ®[>K :=a©S)©/3. 
We frequently identify this Hilbert space with a © P/3 K and H Pa Q/3 via the isomorphisms 
a@ Pf) K ^ H a ® K ^ H Pa ©(3, ^QvC = ^©C©V = ^C©V- (3) 
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Using these isomorphisms, we define for each £ e a and r\ e /3 two pairs of adjoint operators 
|0[i] : K H a ®fjK, C ~ C © C, <e| m := 10*1] : C © C -» P/3«f|C'»C, 

h>[2] : H -> H a ®fiK, C^C©r), (n\m ■= \v)*2] : C © »7 Pc««r?|r?'»C- 

We put |q>[i] := {|0[i] i 6 a } and similarly define <a|[i], |/3>pj, </3|[2]- 

Let L, M be Hilbert spaces, 7 6 C*-fact(L; mSjtgt), S e C*-fact(M; rgt-flB ), and S 6 

C{H,L), T e £(K,M). Using the isomorphisms ©, we define an operator S ® T e 

55 

C(H a ®pK, L 7 ®jM) in the following cases: 

55 55 

i) if 5"e£(i/ Q ,L 7 ) andTp^(fe) = ps{b)T for all 6 6 03, then S <g> T := S a © T; 

55 

ii) if TbL(Kb,M s ) and SW&f) = p 7 (6 t )S for all 6 f e 03 + , then S <g> T : = S © T« . 

55 

If 5 e £(# a , L 7 ) and T e £(7^, Ms), then both times S <E)T = S a © id s ©Tg. Put 

15 

Sm :=S®id: H a ®,3K L 1 ® K, T [2] :=id(x>T: H a ®pK —> H a ®sM. 

-f) 15 15 55 55 55 

Given C*-algebras C, D and *-homomorphisms p : C — > £^(03 + )' c £(#), a: D — > pp^B)' c 
C{K), we define *-homomorphisms /9[ij : C — > £(H a (x)f3K), c 1— > p(c)m, and crpj : D — » 

C{H a ®(3K), d i-> cr(d)r 2 i. 

55 

Let ij^ut an d s-^st be C*-bases. Then there exist compatibility- preserving maps 
C*-fact(# a ; c Jl ct ) C-fact^®^; E j* ct ), 7 h-> 7 < (3 : = [ |/3> [2] t] , 

55 

C*-fact(if 3 ; s £ sT ) C-fact^®^; 5 m> a >S := [\a} m 5], 

55 

and for all 7 6 C*-fact(if a ; £^ c t) an( A 5 6 C*-fact(A' / 3; s £j, t ), 

P( T <#) = (p-y)[i]j PC«>«) = (Ps)m, 7</3±a><5. 

The C*-relative tensor product is symmetric, functorial and associative in a natural 
sense |101 Section 2.2]. Moreover, if the C*-base 'sfifgt arises from a proper KMS-weight /1 

on a C*-algebra B, then H a ®pK can be identified with a von Neumann-algebraic relative 

55 

tensor product, also known as Connes' fusion; see [1UI Section 2.3]. 

The spatial fiber product of C*-algebras and concrete Hopf C*-bimodules 

The spatial fiber product of C*-algebras is a C*-algebraic analogue of the fiber product 
of von Neumann algebras [5] and of the relative tensor product of Co (X)-algebras 
We briefly summarize the definition and main properties; for details, see |10l Section 3]. 
Throughout this paragraph, let Qj-fjtgt be a C*-base. 

A (nondegenerate) concrete C* -^fy^^-algebra (H,A,a) consists of a Hilbert space H, 
a (nondegenerate) C*-algebra A c £(H), and a C*-factorization a e C*-fact(_ff; tgi^rgf) 
such that p Q (03 + )A c A. If (H,A,a) is a nondegenerate concrete C*-gj.f)rgt-algebra, then 
A'cp a (&)>. 

Given a Hilbert space H and a C*-algebra A c £(H), we put 

C*-fact(yl; tgfltgt) := {P e C*-fact(H; a^j^t) I (H,A,/3) is a concrete C*-^?)^ j-algebra}. 

Let a 6 C*-fact(A;<B^ B t) and let c^-zt be a C*-base. We put C*-fact(^l Q ; c^t) : = W e 
C*-fact(A; c^ £ t) I P -L a }- K 6 C*-fact(A a ; c^ £ t) (and A is nondegenerate), we call 
(H, A,a,f3) a (nondegenerate) concrete C* -<sSj^ ^-<r8.^-algebra. 
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Let (H, A, a) be a concrete C*-<gi3< 8 i- a lg e b ra an( A {K, B, /3) a concrete C* -< B ^F)'B-algehra,. 
The fiber product of (H, A, a) and (Jf, B, /3) is the C*-algebra 

A a * p B := {T e C{H a ®pK) |T|a)[i],T*|a)[i] c [|a> tl] B] 

andT|/3> [2] ,T*|/3> [2] c [|^> [2] A]>. 

We do not know whether A a *pB is nondegenerate if A and _B are nondegenerate. If ttM. € t 

is a C*-base, then 7 < /3 e C*-fact(yr Q * pB; cftg-f) f° r each 7 e C*-fact(A a ; c^ c t) an d a > 8 6 

C*-fact(^ Q * /3-B; e^ c t) f° r eacn # e C*-fact(B /3 ; c-^cf)- 

We do not expect the fiber product to be associative. Given C*-bases "B^fgt an< i £-&cT> 
a concrete C*-<b io<gt-algebra (H, A, a), a concrete C*- <s ^'B-irR € ^-&\gehv& (K,B,/3,"/) , and 
a concrete C*- £ fft£- a lgebra (L,C, <5), we put 

A a *pBy*^sC := ((A a *pB) a>1 ^sC) n (j4 a *p<6 {B y *sC)); 

here, we canonically identify (H a ®pK) a> ~ l ®sL with H a ®p < s{K 1 ®gL). 

si fj si 

Definition 2.1. Let 'sS) <S f be a C* -base and (H, A, a), (K,B,/3) concrete C* ' -^fy^^ -algebras. 
A morphism from (H,A,a) to (K,B,/3) is a *-homomorphism it: A — > B such that (3 = 
[£' K (H a ,Kp)a], where £*(H a ,Kp) := {V e C{H a , Kp) Va e A : n(a)V = Va). 

We denote the set of all morphisms from (H, A, a) to (K, B, (3) by Mor (A a , Bp). In [TOl 
Definition 3.11], we imposed an additional condition on morphisms which is automatically 
satisfied: 

Lemma 2.2. Let sgiDtgt be a C* -base and letn be a morphism of concrete C* -^Sj^f-algebras 
(H, A, a) and (K,B,f3). Then 7r(ap„(& + )) = %{a)pp(b r ) for all a e A and b 1 e 23 f . 

Proof. Let a e A and 6 f e 03 + . Then for all V e C*(H a , Kp), (eQ,(ejj, 

7r(a)pp{b t )V^ = ir(a)V£b f ( = Vap^)^ = 7Y{ap a (b^))V^. 

Since [L n (H a , Kp)aSy] = [Pfi] = K, the claim follows. □ 

Let ?r be a morphism of concrete C*-<8$)< B i-algebras (H,A,a) and (K,B,/3). Then 
[7r(A)jr] = K [TD1 Remark 3.12]. 

Morphisms extend to multipliers as follows. Let (H, A, a) be a nondegenerate concrete 
C , *-<8^<8ralgebra. Then clearly also (H, M(A),a) is a concrete C*-<8^<8t- a lg e bra. 

Definition 2.3. Let os^ligt be a C* -base and (H,A,a), (K,B,/3) nondegenerate concrete 
C* -r&firg^-algebras. We call a morphism n from (H,A,a) to (K,M(B),/3) nondegenerate if 
[ty(A)B]=B. 

Lemma 2.4. Let <B^)<gt be a C* -base, let (H,A,a), (K,B,/3) be nondegenerate concrete 
C* -tgfitg^-algebras, and letn be a nondegenerate morphism from (H,A,a) to (K,M(B),f3). 
Then the unique strictly continuous extension tt: M(A) — » M(B) of n is a morphism from 
(H,M(A),a) to (K,M(B),(3). 

Proof. We only need to show that (H a , Kp) is contained in C (H a , Kp). But if V 6 
C?(H a ,Kp) and T e M (A), then VTa( = %{Ta)VC, = n(T)(TT(a)V( = n(T)Va( for all 
a e A and £ 6 H, and since [AH] = H, we can conclude VT = n(T)V. □ 

Lemma 2.5. Let (H,A,a) be a nondegenerate concrete C* -<sfj^^-algebra and (K,B,f3) a 
nondegenerate concrete C* -i S tf)<s -algebra. Then M(A) a * pM(B) c M (A a *pB). 
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Proof. Let T e M(A) a *gM(B). Then T(A a * B) cA a *pB because 
Sj J5 Si 

T(A a * B)\a) m ET[|a> H B] E [|a>ri]M(B)B] E [|a> w B] 

and similarly 

(A a *gB)T*\a) m E [|a> w B], r(A Q *^S)|^> [2] E [|/3> [2] B], 

(^ q * (3j B)T*|/3> [2] E [|/3> [2]j B]. □ 

Let (j> be a morphism of nondegenerate concrete C*-;8^j<8ralgebras (H, A, a) and (L, 7, C), 
and let t/j be a morphism of nondegenerate concrete C*-(gf.f)93-algebras (if, B, (3) and (M, S, D). 
Then there exists a unique *-homomorphism tj> * ip: A a *pB — > C-f*sD such that (<f> * 

• (X <g> Y) = (X <g> Y) ■ T whenever T e A a *gB and one of the following con- 

ditions holds: i) X e ,C*(i?,L) and y e ^{Kg^Ds) or ii) X e Z^fifa, L 7 ) and F e 

C^(K,D). Moreover, let c^ c t be a C*-base and assume that A a *pB E C(H a ®pK) is 

« 55 

nondegenerate. If a 1 e C*-fact(A c( ; e^?), 7' 6 C*-fact(C 7 ; e^t), 4> 6 Mor(A a /, Cy), then 
* V e Mor((A a » /3 B)( a / < , |9)) ((7T-*jD)(y <i )). Similarly, if /?' e C*-fact(B ; £ ^ £t ), S' e 

C*-fact(D 5 ; £^ £ t), V" e Mor(S 5 /,£) 5 /), then cf> * V e Mor ((A* */?S) (a> ^), (C 7 * 5 D) (7 ^/)). 

Lemma 2.6. Let H be a Hilbert space, a e C*-fact(ii; (gt^)* )> an d ^ p be a morphism 
of concrete C* -<sS)^^-algebras (if, C, 7) and (L,D,S). Then [|a}[2]C{a|[2]l E C{K~,® a H) 

and [|a)[2]-D( a |[2]] E C(Ls® a H) arc C* -algebras, and there exists a * -homomorphism 

Si 

Ind Q (p): [|a)[ 2 ]C(a|[2]] — » [|a)p]i?{a|[2]] such that for all c e C and e a, 

Ind4p)(IO[2]C<e'l[2]) = |0[2]P(c)<e'| [2] . 

Proof. The space [|q)[2]C(q|[2]] is a C*-algebra because 

\a) m C(a\ m (\a) m C(a\ m )* E |a> m C^ r (58)C<a| m E \a) [2] C(a\ [2] . 

Likewise, [|a)p]IX Q |[2]] is a C*-algebra. The existence of Ind a (p) follows as in the first 
part of the proof of [101 Proposition 3.13]. □ 

A concrete Hopf C* -bimodule is a tuple consisting of a C*-base a-f^ti a nondegenerate 

concrete C^-sfw-TOt^s-algebra (H, A, a, (3), and a *-homomorphism A: A — » A a *pA 

sj 

subject to the following conditions: 

i) A 6 Mor (A a , (A a *gA) aM ) n Mor (Ag, (A a *gA)g < g), and 

ii) the following diagram commutes: 

a * ^ A a *pA 

A a * p<p(A a #f}A) 

Sj Si 



r 



A a * /3J 4 a *'% (4 Q *^A) Q>Q * / ?Ac 9 » C(H a *gH a #pH). 

S) Si Si Si Si 



If {<&¥)*gjh H , A,a, f3, is a concrete Hopf C*-bimodule, then the spaces (A * id) (A (/I)) and 

(id *A)(A(y4)) are contained in A a * pA a * a A. 

Si Si 

If {<8?)<Bt, H, A, a, j3, A) is a concrete Hopf C*-bimodule and a-fl^t and H are understood, 
we shall denote this concrete Hopf C*-bimodule briefly by (gA a , A). 
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C*-pseudo-multiplicative unitaries and the associated legs The notion of 
a C* -pseudo- multiplicative unitary extends the notion of a multiplicative unitary 1 , of a 
continuous field of multiplicative unitaries [2], and of a pseudo-multiplicative unitary on C*- 
modules [5J[TT], and is closely related to pseudo- multiplicative unitaries on Hilbert spaces 
[12] ; see [101 Section 4.1]. The precise definition is as follows. 

Let H be a Hilbert space, s-firgt a C*-base, a e C*-fact(i/; ^fi^t), P e C*-fact(if ; ist-fias); 
P e C*-fact(_ff ; (gt^s ) such that a,/3, /3 are pairwise compatible. Let V: H p® a H — * 

H a ®pH be a unitary such that 

si 

V*(a<a) = a>a, V*0 >/3) = (3 < p, V*0 > P) = a > p, V* (P < a) = < p. (4) 
Then all operators in the following diagram are well-defined [101 Lemma 4.1], 

V®id id®V 

H- g ® a H- g ® a H g H a ® H- g ® a H * a H a ®f,H a ®f,H, 

^ Si 1 Si Si ' Si Si Si 

id®V | lv®id 

H s® a>a (H a ®f3H) (H s ® a H) a<a ®,3H (5) 

P Si Si ' Si Si 



-[23] 



id®s| +j 
fl I V®id I 

H- g ® a Hp® a H 2 ^ (H a ®pH)s4g® a H 



Si Si 

where £[231 denotes the isomorphism 

{H a ® H)^ g ® a H = (H Pa ©P) PS<0 ©a {.H p$ ©a) Pa<a ©0 = (Hg® a H) a<ol ® H, 

(C © © v >-> (C © n) © £• 

We put ¥[12] := V®id, Vps] := id®V, V[i 3 ] := (id®E)V[ 12 ]Sp 3] . We call V a C* -pseudo- 

Sl Si Si 

multiplicative unitary if Diagram © commutes, that is, if Vrj.2] Vh.31 Vfaa] = VWiVj^]- In 
that case, also V op : = El / *E: H a® a H — > H a ®sH is a C**-pseudo-multiplicative unitary, 

called the opposite of V. 

Let V: H s® a H — * H a ®aH be a C*-pseudo-multiplicative unitary. Then the spaces 

p Si Si 

A := A(V) := [(P\ m V\a) m ] c £(#), 4 := := [<a| w V|j8> w ] E £(2T) 

satisfy 

[II] = [1^(25)] = [ P§ (<B)A\ = [A Pa (&)] = [ Pa (&)A] =A^C{H P ), 
[AA] = [AppQB)] = [ P pVB)A] = [A Pa (&)] = [p a (&)A] = A c £( J ff /5 ). 

Define maps 

A v : A — » C(H g ® a H), yi->V*(l®y)V, A v : A -> C{H a ® H), z»V(z®l)V*. 

Si Si Si Si 

We call V well-behaved if the tuples (<gt-f)» , H, A, 0, a, Ay) and (<B&<Bh H, A, a, P, Ay) are 
concrete Hopf C*-bimodules. We call V regular if the subspace [(a|[i]V / |a)p]] E £(H) is 
equal to [««*]. If V is regular, then it is well-behaved [101 Theorem 4.14]. 
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3 Weak C*-pseudo-Kac systems 

Reduced crossed products for coactions of Hopf C*-algebras can conveniently be constructed 
in the framework of Kac systems [l] or, more generally, of weak Kac systems [13] . To adapt 
the construction to coactions of concrete Hopf C*-bimodules, we generalize the notion of a 
weak Kac system as follows. 

Let H be a Hilbert space. Recall that for each C*-base £^ £ t and each C*-factorization 
7 E C*-fact(.?/; £^ e t)i 5 E C*-fact(if; € fMe), there exists a flip map 

E : Hj® s H = 7@£©<5^5@£©7 = H S ® 1 H, 7?©C@£ | ->£@C©'7- 
it R 

Let <8£j<gt be a C*-base, a, 2 e C*-fact(if; mfi P, P E C*-fact(JJ; sT ^»), and let 

(7: H — » H be a symmetry, that is, a self-adjoint unitary. Assume that Ua = a and 

[7/3 = /3; then also (72 = a and [7/3 = /3. For each T e C{H ~® a H,H a ®f3H), put 

p a s, 

f := E(l ® C7)T(1 ® [7)E : H&®sH i/s®,,// ^> Ha®/3# H 3 ® a H, 

fs Sy fs p M S5 Sj ^S5 

T := E([7 ® 1)T([7 ® 1)E : H a ®pH Hs® a H ^ H a ® H Hf3® s H. 

ft f> Si M fi fi Si 

Switching between the C*-bases s£)?8t and <gt^» and relabeling the C*-factorizations 
a, 2, P, p suitably, we can iterate the maps T h- > T and T i— > T. The two relations 
E(l ® C/)E(1 ® (7) = [/ ® U = E((7 ® 1)E([7 ® 1) and E(l ® {J)E([7 ® 1) = id imply 

15 15 15 Si Si S) ij 

f = Ad (wg)l7) (T) =T, f = f, f = T for allTeZ:^®^,^®^). (6) 

Definition 3.1. A balanced C*-pseudo-multiplicative unitary (a, 2, p, P, U, V) consists of 

• C* -factorizations a, a E C*-fact(_ff; ojij.gt) an d P, P E C* -fact (H; (gtfjoj ), 

• a symmetry U : H — > J/ , and 

• a C* -pseudo-multiplicative unitary V: H s® a H — > H a ®pH 

fi si 

satisfying the following conditions: 

i) a,a,j3,P are pairwise compatible, 
ii) Ua = a and UP = p, 

Hi) V and V are C* -pseudo-multiplicative unitaries. 
Remarks 3.2. i) Since V = (U®U)V(U®U), the unitary V is C*-pseudo-multiplicative 

15 15 

if and only if V is C*-pseudo-multiplicative. 

ii) If (a, 2, P, P, U, V) is a balanced C*-pseudo-multiplicative unitary, then also the tuples 
(P, P, a, 2, U, V), (a,a, p, P,U,Ad(u®u){V)), and (P, p, 2, a, U, V) are balanced C*- 
pseudo- multiplicative unitaries. This follows easily from ([6}. Moreover, in that case 
(a, 2, p, P, U, V op ) is a balanced C*-pseudo-multiplicative unitary as well, as can be 
seen from the relation 

(V^) = E(7 [2] (EV*E)[/ [2] E = E(E[7 [1] V r [/ [1] E)*E = (V)° v . (7) 

iii) If (a, 2, p, P, U, V) is a balanced C*-pseudo-multiplicative unitary, the relations Q for 

the unitaries V: H&®sH — > H s® a H and V: H a ®aH — > Hp®&H read as follows: 

15 p p a si 15 

V* {P < P) = P > P, V* (2 > a) = a < a, V* (S > a) = p > 2, V"* (a < p) = a < a, 
V*(P < P) = P > P, V* (a > a) = a < a, V*(a > a) = f3 > a, V* (2 <i p) = a < a. 
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These relations furthermore imply 

V*0>a) =a>a, V*{S»P) = f3>(3, %{a»f3) = f3»f3, 

V*{a<a) =a</3, V*({3 < f3) = f3 < a, %0 < (3) = $ < a. 

iv) If (a, a, (3, (3, U, V) is a balanced C*-pseudo-multiplicative unitary, then A(V), A(V) c 
C(Hg) because 

[A(V)a] = [0\ m V\a) m a] = [(J3\ m \f3) m a] = [p a (&)S] = 3 (8) 

and similarly [A(l/)a] = [<a|[i] V|/3>[i]3] = [<a|[i] |a>[i]S] = [P/3(23)S] = a. 

The auxiliary unitaries V and V defined above allow us to treat the right and the left 
leg of V, respectively, as the left or the right leg of some C*-pseudo-multiplicative unitary: 

Proposition 3.3. Let (a, a, f3, (3,U,V) be a balanced C* -pseudo-multiplicative unitary. 
Then 

A(V) = Ad u (A(V)), Ap. = Ad( U( gu) oAy o Adu, A(V) = A(V), A^=A V , 
A(V) = Adu(A(V)), Ay = Adjjygjj) oA v o Ad v , A(V) = A(V), A V =A V . 

In particular, V and V are well-behaved if V is well-behaved. 

For the proof, we need the following lemma: 
Lemma 3.4. The following diagrams commute: 

S) f} f) Sj Sj *■ ' 

t V[13] 

H 3 ® a H s ® a H ^ ^ Hg® a>a {H a ® H) 



and 



Hg® a , a {H a ® H) V[23] ; H- g ®^ a {H ® & H) V[13] , H a ®w{H ®&H). (w \ 

as, p s, s, % n v 

V [13]| p[23] 

{Hs® a H) a<a ®i3H ^ H a ®0H a ®gH 

P Sj S, Sj S> 

Proof. Let us prove that diagram (|9j) commutes. Put W : = EVE. We insert the relation 
V = U[i]WUm into the pentagon equation V[i2] Vp.3] V[23] = V[23]V[i2] and obtain 

UmW m Ul ■ UxW ilS] Ul ■ V[23] = V[23] • ^[l]^[12]^[l]- 

Since [/[i] commutes with Vp3], we can cancel t/[i] everywhere in the equation above and 
find W[\2~\ W[\s\ V[23] = Vp3] W / [i2] • Now, we conjugate both sides of this equation by the 
automorphism E[ 2 3]E[ 12 ] , which amounts to renumbering the legs of the operators according 
to the permutation (1,2,3) h-> (2,3,1), and find V[i3] V[ 2 3] V[i2] = V[i2]V[i 3 ]. If we retrace 
the derivation of this equation in diagrammatic form, we obtain diagram ((9j). 

A similar argument shows that diagram (I10p commutes. □ 



Proof of Proposition \3.3[ Inserting the relations 

V = Et/pqVt/pqE: H a ® 3 H H,® a H, V = EC/m V U m E : H a ®pH -> H ® a H 

f) S) St Sj 
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into the definition of A(V) and A(V), respectively, we find 

A{V) = [i] Sf7 [2] VUpj S | a) [i] ] = [<[/£| [2] l/|[/a> [2] ] = [</3| [2] V» [2] ] = A(V), 
^) = [(S\ [2] XU m VU m X\p) m ] = K^filwVl^p]] = KalmVl^pL]] = 

To prove A^ = Ay, consider an element a = (£'|[ 2 ] ^|0[2] e ^(^Oi wnere f 6 A f E a. 
By definition, A^(a) = 1/(2® The commutative diagram 



Hs® a H . 



H & ® B H . 

15 P 



"01 



H a ® 3 H . 

s> ' 



H s ® a H, 



IO[3] 



r->i 



«'l[3] 



HrM a H B ® a H (H & ® s H) s<s ® a H ^ {H & ® B H)*® fi H 1^ (H 3 ® a H) a<ol ®gH 

ft ft « ^ c. & 1 LK^/J _ ^ , - 



«'l 



V[ia] 



diagram © and the pentagon diagram © imply 

V(£®1)V* = <C'l[3]V[12]V [13 ]ni 2] |0[3] 

= (£ I [3] V[13] V[23] |0[3] = <£' I [3] Vji2] Vp3] V[12] |£>[3] • 

The following diagram shows that the expression above is equal to V*(l ®a)V = Ay(fl) 

15 



Hz® a H . 
p 55 



. H a ®f}H . 

15 



10O 



H a ®f}H . 
15 



H s ® a H. 

P 15 



r-ii 



pi 



H B ® a H § ® a H H a ®pH s® a H I™ H a ®f3H a ®f3H _W (H s ® a H) a<ai ® H 

p 15 p 15 15 p 15 15 15 -f) 15 

Since elements of the form like a are dense in we can conclude A© = A-x. 

A similar argument shows that A^ = Ay; here, we have to use diagram (| 101 ) . 

The remaining equations in Proposition 13.31 follow from the relation V = Admi^u) (V) 
and those equations that we have proved already. □ 

The definition of a weak C*-pseudo-Kac system involves the following conditions: 
Lemma 3.5. Let (a, a, j3, /3,U,V) be a balanced C* -pseudo-multiplicative unitary, 
i) The following conditions are equivalent: 



(a) The following diagram commutes: H a ®aH s® a H Ha®aHs®aH 

15 P 15 15 p 15 



"[23] 



"[23] 



H a ® p H a ®f)H [12 I H l3 ® & H a ®„H. 
15 15 Si Ss 

(b) {l®a)V = V(l ®a) in £{H a ® H, H ® & H) for eachUeA{V). 

15 15 15 15 

(c) (Adu(a)®l)V = V(Adu(a)®l) in C(H s® a H, H a ®fsH) for each a e A(V). 

S) 15 P 15 15 

(d) A(V) and kA v (A(V)) commute, 
ii) The following conditions are equivalent: 



10 



(a) The following diagram commutes: Hs® a He t ®sH H a ® p H &® sH 

Sj Si p Si Si p 



"[23] 



"[23] 



H s ® a H s ® a H v ^ 2 \ H a ®pH § ® a H. 

P Si P S, S3 P S3 

f&) (a® 1)^ = V(a ®1) in £.(H & ®sH,H ~® a H) for each a e A(V). 

Si Sj Sj P P Sj 

(c) (l®Adu{a))V = V{1® Adc/(a)) in C{H 3® a H,H a ®i3H) for each a e A{V). 

si S) p sj sj 

(d) A(V) and Adu (A(V)) commute. 

Proof. In i), conditions (a) and (b) are equivalent because 

(a) O V£ 6 a, £' e : <£' | [3] V m V m |0[3] = <£'| [3 ] V [12 j V m |0[3] 

^ (l®a)V = V(l®a), where a = <£'|r 2] V|0 [2 ] (&)■ 

a ft 

The remaining equivalences follow similarly. □ 

Definition 3.6. We call a balanced C* -pseudo-multiplicative unitary (a, a, (3, f3,U,V) a 
weak C*-pseudo-Kac system if V is well-behaved and if the equivalent conditions in Lemma 
[0 hold. 



The notion of a weak C*-pseudo-Kac system is symmetric in the following sense: 

Proposition 3.7. Let (a, a, (3, (3,U,V) be a weak C* -pseudo-Kac system. Then also the 
following tuples are weak C* -pseudo-Kac systems: 

0,f3,a,S,U,V), (pJ,a,a,U,V), (a, a, (3, (3, U,V op ). (11) 

Proof. The C* -pseudo- multiplicative unitaries V, V, V op are well-behaved by Proposi- 
tion [3]3] and [101 Lemma 4.4], respectively, and the tuples are balanced C*-pseudo- 
multiplicative unitaries by Remark 13.21 ii). Using Proposition 13.31 and [101 Lemma 4.4], one 
easily checks that these tuples satisfy the conditions i)(d) and ii)(d) of Lemma 13.51 □ 

Definition 3.8. Given a weak C* -pseudo-Kac system (a, a, {3, f3,U,V) , we call the tuples 
its predual, its dual, and its opposite, respectively. 



4 Coactions and reduced crossed products 

Coactions of concrete Hopf C*-bimodules 

Definition 4.1. Let (sgfjigt, H, A, a, f3, A) be a concrete Hopf C* -bimodule and (K,C,"/) 

a nondegenerate concrete C* -<sS) m ^-algebra. Then a coaction of (^f)^^,H,A,a,f3,A) on 

(K,C,j) is a morphism 8c from (K,C,-y) to (K~,®f3H, C 7 *^M(i), 7 > a) that makes the 

Sj ft 

following diagram commute: 



.C 1 * M(A) 

Sj 



JU(yl) 



(C^* g M{A)) J>a * B M(A) 

Si Si 



C 1 *i 3 M(A) 



id c *A 



f 



C 7 * B<ipM(A a */3j4)c 

Si Si 



C(K 7 ®/3H a ® H). 

Si Si 
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We also refer to the tuple (K,C,^,8c) as a coaction. We call such a coaction fine if 8c is 
infective and [fc(C)|/3)[2]] = [|/3)p]C'] as subsets of C{K. K~ l ®gH). 

A covariant morphism between coactions (K,C,"/,8c) and (L, D,8, So) is a morphism p 
from (K, C, 7) to (L, M(D),S) that makes the following diagram commute: 

C »- M(D) 

C 7 *aM{A) p * idjv '(-l> M{D s *aA). 

Remarks 4.2. i) Note that by [101 Remark 3.12], the C*-algebra 8c(C) and hence also 
the C*-algebra C 7 * gA is nondegenerate. 

J5 

ii) Evidently, the class of all coactions of a fixed concrete Hopf-C*-bimodule forms a 
category with respect to covariant morphisms. 

iii) For every concrete Hopf C*-bimodule (sfj(gt> H, A, a, (3, A), the triple (H,A,a, A) is 
a coaction. 

We shall study coactions of concrete Hopf C*-bimodules in a separate article. 

Reduced crossed products for coactions of (<s^><Bh H, A. a, (3, Ay) Till the 

end of this section, we fix a weak C*-pseudo-Kac system (a, a, (3, (3, U, V). To shorten the 
notation, we put 

A :=A(V), A := Av, A:=A(V), A := A v , 

and write { a A^, A) and (gA a , A) for the concrete Hopf C*-bimodules (tgffjsg , H , A, f3, a, A) 
and (sg-Qtgt, H, A, a, f3, A) , respectively. 

First, we define reduced crossed products for coactions of (aA a , A): 

Definition 4.3. Let (K, C, 7, Sc) be a coaction of (@A a , A). The associated reduced crossed 

product is the C* -subalgebra C Xs c ,r A c C{K-y®aH) generated by 

u 

5{C){1®A) cC{K^® 3 H). (12) 
If 8c is understood, we shortly write C x r A for C xs c ,r A. 

Remark 4.4. In the situation above, C x r A c C n * gjC(H), as can be seen from the 

ft 

inclusions 8c(C) c C~, * gM(A) and 
u 

(C T * 5 M(^))(1|1)|7> M = (C y * 3 M(A))\ 7 ) m A^[fr) m M(A)A\, 
(C^*gM(A))(l®A)\f3) m E [(C 7 * a M(A))\p) [21 ] £ [\(3) m C]; 

J5 Sj u 

here, we used the inclusion Af3 c /3 |1Q| Lemma 4.5]. 

Frequently, it is useful to know that the set (112[) is linearly dense in C x r A: 
Proposition 4.5. Let (K, C, 7, Sc) be a coaction of (gA a , A) . Then 

Cx r A= \8 C (C)(1®A)]. 
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Proof. We only need to prove [(1 ® A)S C (C)] E [8 C (C)(1® A)]. By definition of A, 

fs fs 

[(1®A)S C (C)] = [{(3\ m (l®V)\a) m 8c(C)] = [0\ m (l®V)(8 c {C)®l)\a} m ]. 
fs fs fs fs 

Note that fc(C) <g> 1 c C(K-y®fiH s® a H) is well-defined because fc(O) £ C 7 * /3 M(y4) 

commutes with 1 ® pa(23) by [101 Lemma 3.8]. Put 8q : = (id *A) o 8. By definition of A, 

fs 

[</%](l®VO(fc(C0®l)|a> r3] ] = [</3| [3] (4 2) (C))(l®^)h> [ 3]]. 

J5 £ fs 



f(2) 



Since <5^(C) = (id*A)(fc(C)) = (5 C * id)(fc(C)) S fc(C) 7&a ^M(A), 



[</3| [3] (^ ) (C7))(l(8)l/)|a> [ 3 ] ] s [fc (£)</%] (l®^)|a>[3j] = [<S C (C)(1 ® A)]. □ 

fs fs fs 

Corollary 4.6. Let (K,C,"/,Sc) be a coaction of (gA a ,A). Then 8c{C) and 1 ® A are 

fl 

nondegenerate C* -subalgebras of M(C x r A), and the maps c i— > Sc{c) and a i-> l®a extend 
to *-homomorphisms M(C) — > M(C x r A) and M(A) — > M((7 x r A), respectively. □ 

The reduced crossed product C x r A carries a dual coaction <5c of ( a i|, A): 
Theorem 4.7. Let (K", C, 7,5c) be a coaction of (pA a , A). Tften traere exists a coaction 

(K^H,G * r A,~f»f),So) (13) 
o/ i/ie concrete Hopf C* -bimodule A) such that for all c E C and a e A, 

5c(8c(c)(l®a)) = (fc(c)®l)(l®A(8)). (14) 
fs fs fs 

If the coaction (H, A, (3, A) is fine, then also the coaction (|13|) is fine. 

Proof. The triple {K^®fsH ,C x r A, 7 > /?) is a concrete C*-,gt£)23 -algebra because 

P w -)(«B)(Cx r A)c [(1® P$ (<B)A)S C (C)]=C x r A 

by Proposition 14.51 Moreover, C x r A is nondegenerate because 5c{C) and 1 ® A are 

fs 

nondegenerate (see Remark 14.21 ill. 
Consider the *-homomorphism 

8c ■ C x r A -» jC(K,,® H s ® a H), x ^ {l®V)(x®l)(l® V*). 

fs ' fs fs fs fs 

Since K(o®l)F* = a ® 1 for all a e A (L emma l3~5jl and Sc(C) c C 7 */3-M(j4), 

(l®V)(8 c (c)®l)(l®V*) = S c (c)®l for all c e C. 

fs fs fs fs 

Moreover, by Proposition 13.31 V (a ®1)V* = A(S) for all a e A. Consequently, Equation 

fs 

UU) holds for all c e C and a e A. 

Let us show that Sc(C x r A) c (C x r .A) 3* a M(A). By Proposition 14. 51 and Equation 

m, 

8 C {C x r A) = [(8c(C)®l)(l®A{A))]. 

fs fs 
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(15) 



Since A{A)\a} m c [|a> [2] I], 

S C (C x r A)\a) m c [(fc(C)®l)|aWl®A)l 

= [|a> [3] fc(C7)(l® A)] = [\a) m (C x r A)]. 

Si 

On the other hand, since A/3 c [1QL Lemma 4.5], 

5 c (C)\ 7 >0)^[(C 1 * l3 M(A))\^ m 0] E [| 7 > W M(A)£] = \ 7 ) m 0=\ 7 >p), 
and therefore, 

5 C (C x r l)|7>^>[i2] = [(l®A(i))(fc(C)®l)|7> i a> [12] l 
c [(1®A(I))| 7 >0> [12] ] 

ft 

= [| 7 > [1] A(i)|^> [1] ] c [|7>[i]|£>ri]A] = [| 7 >0} [12] A\. 

Let us show that the *-homomorphism Sc is a morphism of concrete C*- S t^ 23-algebras. 
By definition of Sc, 

fc(V)(lg)i0|O[3] = (1®^)(^®1)|0[3] = (W)|0[3]* 

for each x e C x r A and £ 6 f3, and therefore, 

1 >$>$ = 1 >%@<fo = [{1®V)\$) [S] { 1 >P)} 

— [>c Jc ((A: 7 *^) 7 ^ ) (A: 7 * )9 ^|aH) 7 ^^)(7>y9)]- 

Equation (|14|l implies that the *-homomorphisms 

(S c * id) o S c , (id *A) o : C x r 1 -> C(K 1 ®^H B ® a H s® a H) 

f> J5 S 

are both given by <5c (c) (1 ® a) i-> (5c (c) ® 1 ® l) (l ® A (2) (a)) for all c e C, a e A, where 

A (2) := (A * id) o A = (id * A) o A : A C(H s ® a H s ® a H). 

Summarizing, we find that (|13[) is a coaction of ( a A^,A) as claimed. By construction, 
Sc is injective, and Equation (|15|l shows that this coaction is fine if the coaction (H, A, (3, A) 
is fine. □ 

Definition 4.8. Let (K,C,'y,Sc) be a coaction of (pA a , A). We call (K~,®nH, C x r A, 7 > 

(3, Sc) the associated dual coaction of ( a Ag, A). 

The reduced crossed product construction is functorial in the following sense: 

Proposition 4.9. Let p be a covariant morphism between a coaction (K, C, 7,5c) and a 
coaction (L,D,S,Sd) of (pAa, A). Then there exists a unique covariant morphism p x r id 
between the associated dual coactions such that for all ce C and a e A, 

(px r id)(fc(c)(l®a)) =S D (p{c)){l®a). (16) 
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Proof. By RemarkEH Cx r A E C~,* S C(H) and D x r A E D s * g C(H), and by [IU] Theorem 
3.15], there exists a morphism 

p * id e Mor ((C^* g C(H))^, (D s * p C{H)) s>n ). 
Denote by p x r id: C x r A — » Dg * g C{H) the restriction of p * id. Then 

(p x T .id)(fc(c)(l(8)a)) = (p*id)(fc(c)) • (p*id)(l®a) = fo(p(c))(l®a) 

15 15 « 

for all c 6 C and oe A In particular, p x r id e Mor ((C x r A) s, (D x r A) Su s). Finally, 
Equations (114[) and (|16[) imply that p x r id is covariant with respect to 5c and 5d ■ □ 

Corollary 4.10. The assignments (K,C,-y,5c) i— > (K 1 <S) g H, C x r A, 7 > /J, 5c) ««i p >-» 

px r id define a functor from the category of coactions of ( g A a , A) to toe category of coactions 
/( a ig,A). □ 

Reduced crossed products for coactions of (tgt-f)®, A /3, a, A) We extend 
the reduced crossed product construction to coactions of the concrete Hopf C*-bimodule 
( a As, A) as follows: 

Definition 4.11. Lei (K,C,y,5c) be a coaction of ( a As, A). TTie associated reduced 

crossed product is toe C* -subalgebra C Xs a ,r A E £(Kj(g) a H) generated by 

15 

5(C) (1® Ada (A)) cC(K-,® a H). (17) 

15 15 

7/5c is understood, we shortly write C x r A for C Xs c ,r A. 

This construction has the same formal properties like the reduced crossed product for 
coactions of (pA a ,A); for the proofs, one simply replaces the weak C*-pseudo-Kac system 
(a, a, j3, f3, U, V) by its predual, applies Proposition ^. 31 and uses the results of the preceding 
paragraph. 

Proposition 4.12. Let (K, C, 7, 5c) be a coaction of( a Ag,A). Then C x r A = [<5c(C)(l® 
Adu(A))]. □ 
Theorem 4.13. Let (K,C,-y,5c) be a coaction of ( a A^,A). There exists a coaction 
(Kj® a H, C x r A, 7 > 2, 5c) of (aA a , A) such that 

15 

5c(8 c {c)(l®Ad u (a))) = (5 c (c) ® l) (l ® Ad (um A(a)) 
15 15 15 <5 

for all ce C and a e A. If the coaction (H, A, a, A) is fine, then also (K^^aH, C x r A, 7 > 

15 

a, 5c) is fine. □ 
Definition 4.14. Let (K,C,-y,8c) be a coaction of ( a A^, A). Then we call {K-y^aH, C x r 
A, 7 > a, 5c) the associated dual coaction of (pA a , A). 

Proposition 4.15. Let p be a covariant morphism between a coaction (K,C,j,5c) and a 
coaction (L, D, 5, 5d) of ( a A^, A). Then there exists a unique covariant morphism p x r id 
between the associated dual coactions such that 

(p x r id)(fc(c)(l® Adu(a))) = Mp(c))(l® Adu(a)) 

15 15 

for all c e C and a e A. □ 
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Corollary 4.16. The assignments (K,C,"/,8c) h- > (K 1 ® a H. / C x r A, y > a, 8c) and p i— » 

px r id define a functor from the category of coactions of ( a A^, A) to i/ie category of coactions 
of( p A a ,A). ' □ 

5 C*-pseudo-Kac systems 

To obtain an analogue of Baaj-Skandalis duality p], we need to refine the notion of a weak 
C*-pseudo-Kac system as follows. 

As before, we fix the C*-base ojfjigt an< l the Hilbert space H. 

Definition 5.1. We call a balanced C* -pseudo-multiplicative unitary (a, a, j3, f3,U,V) a 
C*-pseudo-Kac-system if 

i) the C* -pseudo-multiplicative unitaries V,V, V are regular, and 

ii) (E(l ® U)Vf = 1 in C(H n ® a H). 

S3 p J5 

Remark 5.2. In leg notation, the equation (E(l®[7) V) 3 = 1 takes the form (EC/pjV) 3 = 1. 

Conjugating by E or V, we find that this condition is equivalent to the relation (?7p] VE) 3 = 1 
and to the relation (VEC/p]) 3 = 1. 

Remark 5.3. Definition 15.11 greatly simplifies the definition of a pseudo-Kac system on 
C*-modules given in [9] and still covers our main examples. The two concepts are related 
as follows. 

Let (a, a, (3, f3,U,V) be a C*-pseudo-Kac system and assume that 23 1 = < B op . Then 
the C*-modules a,a,f3,j3, the representations p a , p@, pg, the unitaries U a : a — » a, 
Ua'. a — > a, Up : /3 — > j3, Ug: (3 — » /3 together with the family of unitaries 

V^a : a p -©a -> a@ P(3 a, Vg >i3 : j9 ® Pa (3 -» {3 Pa ©(3, Va <a : a P »©Qi — » a Pa ©f3, 
V j3>0 : P ®pc a ©p/3 0> V 0<a : f3 p ~©a -> f3 Pa ©f3, Vp >& : (3 Q Pa a -> a© P/3 a 

form a pseudo-Kac system in the sense of [5J Definition 2.53]. 

We shall use the following reformulation of condition ii) in Definition 15. II 

Lemma 5.4. Let (a, a, j3, f3, U, V) be a balanced C* -pseudo-multiplicative unitary. Then 
(T,U [2] V) 3 = 1 if and only if VVV = U m E. 

Proof. Rearranging the factors in the product f/[i]C/p] (Ef/pj V) 3 [/p] E, we find 
U [n U m (EU [2} VfU [2} T, = EU [1} VU [1} E • V • ZU m VU m X = V ■ V ■ V. 

Thus, (Ef/pj V) 3 is equal to 1 if and only if U m T, = U m U m U m E is equal to VVV. □ 

The notion of a C*-pseudo-Kac system is symmetric in the following sense: 

Proposition 5.5. Let (a, a, (3, (3,U,V) be a C* -pseudo-Kac system. Then also the tuples 
(|11[) are C* -pseudo-Kac systems. 

Proof. Equations Q, (0 and ,10j Remark 4.11] imply that the tuples (111[) satisfy condition 
i) of Definition l5.il To check that they also satisfy condition ii), we use Remark 1 5. 2 1 

(E[/ p] f>) 3 = (VEt/p]) 3 = 1, (VEt/p]) 3 = (Et/ p] F) 3 = 1, 

(U2V op T,f = (C/p]El/*) 3 = ((\/EC/ p] ) 3 )* = 1. □ 

The following two propositions are essential for our duality theorem: 
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Proposition 5.6. Let (a, a, f3, (3,U,V) be a C* -pseudo-Kac system. Then it is a weak 
C* -pseudo-Kac system. 



Proof. Since V is regular, it is well-behaved. We show that condition i)(a) in Lemma 13,5 
holds. By Lemma I3~4l V[i2] Vji3] = V[i3] Vp3] V[i2] ■ We multiply this equation by V[i2] on the 
left and by £[12] on the right, use the pentagon equation for V, and obtain 



V[12] V[12] £[12] V[23] 



V[12] V[12] V[13] E[i2] 



V[12] V[13] V[23] V[12] S[12] 



V[2S] V[12] V[12] £[12] • 



By Lemma HMl we can replace V[i 2 ]V[i2]£ri2] by Vj-* 2 jf7pr], and find that Vr* 2 -, [/[y Vps] = 
V[23]^p 2 ]^[i]- Since Vji 2 ] is unitary and J7[i]Vp3] = Vp3]f7[i], we can conclude V[i2]Vp3] = 
Vp3]V[i2], that is, condition i)(a) in Lemma 13.51 holds. A similar argument shows that 
condition ii)(a) in Lemma [3 . 5 1 holds . □ 



Proposition 5.7. Let (ot,6i,f},(3,U,V) be a C* -pseudo-Kac system. Then [A(V)A(V)\ = 
[33*]. 

We need the following lemma: 

Lemma 5.8. Let V: H s® a H — * H a ®aH be a regular C* -pseudo-multiplicative unitary. 

p S u 

Then [V\a) m A(V)] = [\f3) [2] A(V)]. 

Proof. The first commutative diagram in [101 Proof of Proposition 4.12] shows 

[V\a) m A(V)] = [V\a) [2] A(Vf] = [<a| [2] V r ? 2] |^> [3] |/3> [2] ], 
and the following commutative diagram shows that this equals [| / 9)[ 2 ]A(V / )*] = [|/3)p]A(V)]: 



H ■ 



H tx ® a H 



l/3> 



s *5 



[12] 



□ 



A(vy 



H @ ® a H l/3> W : (H s ® a H) a<a ® p H 



< Q I[2] 



H 



l/3>[2] 



(a I [2] 



H a ® H. 



Proof of Proposition ^.^ Since V is regular and V* = £[/p] VEJ/pj VEf/p] , 

[38*] = [Uaa*U] = [U(a\ m V*\a} m U] 

= [U(a\ m XU m Vm m VXU m \a) m U] = [(a\ m VW m V\a) m ] 

We multiply on the right by A := A(V), use Equation ([HJ and Lemma [5.81 and find 

[aa*] = [aa*A] = [(a\ m VEU m V\a) m A} 

= [<a\ m VW m \p} m A] = [(a\ m V\p) m A\ = [A(V)A(V)]. 



□ 
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The duality theorem Let (a, a, j3, (3, U, V) be a C*-pseudo-Kac system, put 

A:=A(V), A:=A V , A:=A{V), A:=A V , 

and write { a As, A) and (pAa, A) for the concrete Hopf C*-bimodules (<gt-fr» , H, A, f3, a, A) 
and (s^tgti H, A, a, j3, A) , respectively. 

Before we can state the duality theorem, we need some preliminaries. Let (A, C, 7,5c) 

be a coaction of (pA a ,A). By Lemma 12.61 [|/3)[ 2 ]C<(/3|[ 2 ]] E <C(A 7 (g> ( 3ii) is a C*-algebra 

Sj 

and there exists a *-homomorphism 

TndpQSc): [\0} m C(/3\ m ] -» [|/3> [3] fc(C)</3| [3] ] E C(K^ p H a » p H). 

Si Sj 

Likewise, if (if, C, 7,5c) is a coaction of ( a As,A), then [|a)[ 2 ]C(a|[ 2 ]] E £(A" 7 (g> Q ii") is a 
C* -algebra and there exists a *-homomorphism 

Inda(fc) : [\ a )[2]C(a\ m ] -» [|a> [3 ]fc(<7)<a| [3] ] E C(K^ a H *® a H). 

Theorem 5.9. «,) Let (if, C, 7, 5c) be a fine coaction of {pA a , A). There exists a natural 
isomorphism 

C x r 1 x r A == [|/3>[2]C</3| [2] ] E C{K~f®j3H) 

which identifies the bidual coaction 8c on Cy) r Ayi r A with the map Ad/jgj,^ o Ind/3(5c). 
ii) Let (if, C, 7, 5c) be a fine coaction of (aAs, A). There exists a natural isomorphism 

C » r A» r A^ [\a) [2] C(a\ m ] E £(A' 7 ® a if) 

u 

which identifies the bidual coaction 8c on Cy) r Ayi r A with the map Ad^g^v) Ind a (5c). 

Proof, i) By Proposition 14.121 Definition ^, 81 and Proposition [43] the iterated crossed prod- 
uct C Xr 4 x r A is equal to 

[(5c(C) ® 1) (1 ® A(l)) (1 <g) 1 <g) Adc/(4))] E C{K-,® H~ g ® a H). 



By definition of A and A and by Lemma 13.51 conjugation by 1 ® V maps this C -algebra 

a 

isomorphically onto 

[5 ( ^(G)(1 ® 1 ® A) (1 g 1 ® Ado(A))] E C{K 1 ®pH a ® g H), 
a si si si a a 

where 5^ = (id *A) o 5c = (5c * id) o 8c- Since 5c is injective, the formula 

5L 2) (c)(l®l®T) h-»5c(c)(l®T), where ceC, T e C(H), 
as sj 

defines an isomorphism of this C*-algebra onto 

[5c (C)(l®!-Adt/ (A))] E £(A 7 ® a i/). (18) 



By Proposition ^ . 3 l and Proposition l5.7l applied to the C*-pseudo-Kac system (/3, /3, a, a, U, V), 
we have [A Adu(A)] = [A(V)A(V)] = [P13*~\. We insert this relation into (JUJ , use the fact 
that 5c is a fine coaction, and find 

C x r A x r A S [5(C7)|/3> [2] </3| [2] ] = [|/3> [2] C</3| [2] ] E £(K^® P H). 



IS 



This isomorphism identifies an element of the form 

(fc(c)®l)(l® A(a))(l® 1® Adc/(a)) eC x r lx r A (19) 



with 



fc(c)(l®a-Adtr(o)) e [|/3> [2 ]C</3| [2] ]. (20) 



The bidual coaction 8c maps the element (|19p to 



{6c (c) ® 1 ® 1) (1 ® A (a) ® 1) (1 ® 1 ® Ad (um (A(a))), 

Si Si *5 ft f> Sj !> 

and the map Ad^j,^ oLkLj (5c) sends the element (|20p to 

Ad fiR,s^i (4 2) (c)(l ® 1 ® a ■ Ady (a))) = (fc (c) ® l) (l ® a ® l) (l ® Ad (c/(g)1) (A(a))) ; 
5, s> !> ft ' si Sj ' Sj ^ 

here, we used the following relations: 

• Ad Et >(A(fe)) = Ad E (l ® b) = b ® 1 for all b e A by Proposition EOl 

Si Si 

• Ad E ^(l ® a) = Ads(l ® a) = a® 1 by Lemma|33] 

i) Si Sj 

• Ad E ^(l ® AdLr(a)) = Ad ([/0 i)(Adv(l®a)) = Ad ([ /®i) (A(a)) by definition of A. 

f> f> Sj <b 

Therefore, the bidual coaction 8c on Cx r Ax r A corresponds to the map Ad ( - 1( g )E ^>j o Indp (8c)- 

ii) The proof is similar to the proof of i), simply replace the C*-pseudo-Kac system 
{a, a, /3, p, U, V) by its predual 0, /3, a, a, U,V). □ 

6 The C*-pseudo-Kac system of a locally compact 
groupoid 

The prototypical example of a C*-pseudo-Kac system is the one associated to a locally 
compact groupoid. The underlying C* -pseudo- multiplicative unitary was described in [10] . 
For background on groupoids, Haar measures, and quasi-invariant measures, see [7J or [5]. 

The data Let G be a locally compact, Hausdorff, second countable groupoid. We denote 
its unit space by G°, its range map by rc, its source map by sg, and put G u : = rg 1 ({u}), 
G u ■= Sq (tt) for each u e G°. 

We assume that G has a left Haar system A, and denote the associated right Haar system 
by A™ . Let (ibea measure on G° and denote by v the measure on G given by 

\fdv:=\ f f(x)d\ u (x)dfj,(u) for all / e C C (G). 
Jg Jg° Jg" 

The push-forward of v via the inversion map G — » G, x i— > x~ , is denoted by v \ evidently, 

fdu' 1 = f(x)d\Z 1 (x)dfj,(u). 
Jg Jg° Jg m 

We assume that the measure fi is quasi-invariant, i.e., that v and v~ x are equivalent. Note 
that there always exist sufficiently many quasi-invariant measures [7J. We denote by D : = 
dvjdv~ x the Radon-Nikodym derivative. 
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The C*-base and the Hilbert space The measure /i defines a tracial proper weight 
on the C*-algebra Go(G ), which we denote by fi again. Moreover, we denote by ojiDjgf the 
C*-base associated to fj, (see Section [2]); thus, fj = L 2 {G°,n). Note that as-ft^t = st^ffl 
because Co(G°) is commutative. Put H := L 2 (G, v). 

The C*-factorizations The space C C {G) forms a pre- C* -module over Co(G°) with 
respect to the structure maps 

<£'IO(«)=f eMC(x)dA"(x), (£/)(*) = £(*)/(r G (a;)), 

and also with respect to the structure maps 

<€'!€>(«) =f TfxjtWdXZ^x), (tf)(x)=ax)f(sa(x)). 

Denote the completions of these pre-C*-modules by L 2 (G,X) and L 2 (G, A -1 ), respectively. 
By [101 Proposition 5.1], there exist isometric embeddings 

j: L 2 (G,\) -»£($,#) and j : L 2 (G, A -1 ) — > £(j5, H) 

such that for all £ e C C {G), ( e L 2 (G°, fx), x e G, 

(i(f)C) (*) = £(*)C(r G (*)), (i'(£)C)(z) = CW^-^WC^gW). 

Moreover, by [101 Proposition 5.1], the images 

a:=l3:=j(L 2 (G,X)) and 3 := f3 := j(L 2 (G, A" 1 )) 

are compatible G*-factorizations of H with respect to ojflfgf, the maps j and j are unitary 
as maps of G* -modules over G (G°) ^ 33, and for all x e G, $ e G C (G), and / e C (G°), 

M/)£)(z) := f(r G (x))Z(x), (pa(m)(x) := /(fl G (aO)«s) 

The C*-pseudo-multiplicative unitary By [12] and [lOl Proposition 2.14], the 
Hilbert spaces H^® a H and H a <g)gH can be described as follows. Define a measure v 2 r on 

Gs,r := {(x,y) e G x G \ s(x) = r(y)} by 

f f f f f(x,y)d\ SG ^(y)d\ v (x)df,(u), 

Jgi r Jg° JG" Jg s gM 

and a measure v 2 r on G^ r := {(x,y) E G 2 \ ra(x) = ra(y)} by 

gdVr, r --=\ 9{x,y)dX u {y)dX u (x)dfj,(u), 
Jg= r Jg° Jg u 

where / e G c (G^ r ) and g 6 Gc(G^ r ). By |12] and [101 Theorem 5.2], there exist isomor- 
phisms 

J5 -0 

and a G*-pseudo-multiplicative unitary V: H s® a H — > H a ®f}H such that, with respect to 

J) -9 

these isomorphisms, (VQ(x,y) = £(x,x~ 1 y) for all £ 6 L 2 (G 2 r , v 2 r ~) and G G^ r . 
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The C*-pseudo-Kac system By definition of the Radon-Nikodym derivative D = 
dv/dv~ , there exists a unitary U e C(H) such that 

(UQ(x) := ^(x-^Dix)- 1 ' 2 for all x 6 G,£ e C C (G). 

This unitary is a symmetry because for all £ E C C (G) and ^-almost all x e G, 

(U 2 0(x) = {UO(x- 1 )D(x)- 1 ' a = tL{x)D{xf ,2 D{x)- 112 = i{x); 

here, we used the relation D(xy 1 = D(x' 1 ) [7J p. 23], [6, Eq. (3.7)]. 
Theorem 6.1. (a, a, j3, /3, V, U) is a C* -pseudo-Kac system. 

Proof. By 10, Proposition 5.3], the C*-pseudo-multiplicative unitary V is regular. 

We claim that V = EU m VU m T, is equal to V op = £V*£. Indeed, for all £ 6 

L 2 (G 2 ^ r ,u 2 ^ r ) and (x,y) e G 2 }T , 

(U K VU m a(x,v) = {VU m Q{x-\y)D{x)- 1/2 

= (U m Q(x-\xy)D(x)- 1 l 2 = ax,xy)D(x- x r 1/2 D(xr lf2 . 

Since D{x- 1 y 112 D(x)- 1/2 = 1 for ^-almost all x e G [7J p. 23], Eq. (3.7)], we can 

conclude E/pj VU[x\ = V* , and the claim follows. 

In particular, V = V° v is a regular C*-pseudo- multiplicative unitary [101 Remark 4.11]. 

To finish the proof, we only need to show that the map Z : = EC/raiV: H g® a H — » 

s 

Hs® a H satisfies Z z = 1. For all £ 6 L 2 (G 2 s ^ r ,u^ r ) and (a;, J/) 6 G^ r , 
J5 

(EEfaVCX*,!/) = (VC)(l/,x- 1 )i?(a:)- 1/a = C(v,V~ 1 *~ 1 )i3( ! rr Va , 
and therefore, 

(Z\)(x,y) = {Z 2 Q{y,y- 1 x- 1 )D{x)- 1 l 2 

= {ZQ{y- 1 x-\xyy- 1 ){D{x)D{y))- 112 
= <;(x,x- 1 xy)(D(x)D(y)D(y- 1 x- 1 ))- 1/2 . 

Since D(x)D(y > )D(y~ 1 x~ 1 ) = 1 for i/^ r -almost all (a;, y) e G 2 , r [3] (but see also [H] p. 89]), 
we can conclude Z = id. □ 
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